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Abstract : The concept of a monoidal category is fundamental and widely applied in fields such as com-

puter science and physics, including programming language theory, natural language processing and quan-

tum physics. The Coherence Theorem is one of the key theorems that captures the essential properties

of monoidal categories. While a proof of this theorem was originally given by Saunders Mac Lane, it is

somewhat difficult to follow and omits many details. In 2010, Trujillo published a paper that provided a

detailed proof of the Coherence Theorem. In this paper, we present a more concise proof of the Coherence

Theorem using a method different from that of Trujillo.
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1. Introduction

Monoidal category is a fundamental concept
widely used in pure mathematics, computer sci-
ence, and physics. The Coherence Theorem is a
key result that captures the most basic property of
monoidal categories. Although a proof of this the-
orem is provided in the book [1] by Saunders Mac
Lane, the proof is somewhat difficult to follow and
omits many details. Later, in 2010, Trujillo pub-
lished a paper [2] that presented a detailed proof of
the Coherence Theorem.

In this paper, we provide a concise and short
proof of the Coherence Theorem using a different
approach from that of Truyjillo. In particular, we
define all arrows in a category W of binary words
to be either basic arrows or compositions of basic
arrows, and prove that for any v,w € 0b(W) of
the same length, there exists a unique arrow in W
from v to w. Using this theorem and the definition
of morphisms in a monoidal category, we derive
a proof of the Coherence Theorem. Finally, as an
application of the Coherence Theorem, we demon-

strate the general associative law for monoids. The
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Coherence Theorem implies theorem of construc-

tion of free monoid in monoidal category.

2. Preliminaries

2.1 Monoidal Category

Definition 1.

A monoidal category (C,00, e, o, A, o) is defined as
follows.

1. Cis a category.

2. Uis a bifunctor on C,J : C x C — C.

3. e € ob(C)

4. ovis a natural isomorphism, o : Oo (1 x0) —
Oo(Ox1).

5. Ais a natural isomorphism, \ : Jo (e x 1) —
1.

6. ois anatural isomorphism, o : Oo(1xe) — 1.

7. de = 0e : elde — e.

8. Forany a,b,c,d € ob(C), the diagram in Fig.
1 commutes.

For any a,b € ob(C), the diagram in Fig. 2

commutes.
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A (qb),c,d

al(b0(cOd)) ————— (adb)O(cdd) —————— ((«Ob)0e)0d)

1Da/b,c’d aayb,cﬂl
Qg p0c,d
ad((b0c)Od) (aO(b0c))0d
Fig.1 Commutativity about v in monoidal category
aC)(elb) Ya,e.b (a0e)0b 2.2 Category of Binary Words
Definition 3.
1000, 0,01 A binary word of length n € N is defined by general
inductive definition as follows.
allb = allb

Fig.2 Commutativity about A, ¢ in monoidal category

Here, 1 denotes the identity functor on C. alJb
denotes [J(a, b) and alJ(e[Jb) denotes 0J o (1 X
O)(a, e, b). Therefore, alJ(b0(c[Id)) represents
Oo(1xO)o(lx1x0O)(a,b,e,d) =00 (1 x
(Oo (1 x0)))(a,b,c,d).

Definition 2.

Let (C,0,e,a, \,0) and (B, [0, e, 0/, N, ') be
monoidal categories. A morphism of monoidal cat-
egories

T : (C,O,e,a, N\, 0) — (B, e, 0/, N, o) is
defined as follows.

1. T : C — B is a functor.

2. Forany a,b € ob(C), any f,g € Hom(C),
T(aldb) = T'(a)'T(b),
T(fOg) =T(/)OT(g).

3. T(e)=¢.

For any a,b, c € ob(C),

T(cap,c) = Qp(ay rp).7(0)

For any a € ob(C),

T(Xa) = Np(ay, T(0a) = 070

With these morphisms, Moncat can be formed.
The objects are small monoidal categories and

the arrows are morphisms of monoidal categories.
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1. eq is a binary word of length 0.

2. (=) is a binary word of length 1.

3. v, w are binary words of lengths m and n, re-
spectively, then the vlw is a binary word of
length m + n.

For example, (—)0(eld(—)), ((—)0e)O(—) are
binary words of length 2.
Definition 4.
A monoidal category (W,, eq, a, \, 0) of binary

words is defined as follows.

1. ob(W) is a set of binary words.

2. Oand eq are the same as those defined in Def-
inition 3.

3. All arrows in W are either basic arrows or

compositions of basic arrows.

Definition 5.
The definition of basic arrow in (W,J, eg, a, A, 0)

is as follows.

L and

1. The components of o, o™, \, A1, 0,0~
1 are basic arrows.
2. If Bis a basic arrow, then 1, 1013 are basic

arrows.

In the above Definition. 5, 1 denotes ide-
tity. We present several example of basic arrow.
1Dau,v,wa (]—uljau,v,w)‘:'lv; 1u|:](/\v|:]1w>; (QuDlv)

are basic arrows. According to the definition of a
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functor, the identity is mapped to the identity, and
hence 1,00(1,01,) = 1.0100) = luowow)
holds. Therefore, (1,0ay 4 )0(1,01,) =
(1,00 7w )O1,0, is also basic arrow. Note
that in the W, the only arrow whose domain and

codomain are equal is the identity by Definition 4.

Definition 6.

The rank p of a binary word w is defined as follows.

1. p(eg) =0

2. p(=)=0

3. For any v,w € ob(W), p(v0w) = p(v) +
p(w) + length(w) — 1

For example, p((—)0((-)H(-))) = 1,
p(((—)O(=))O(-=)) = 0. p(w) = 0 means that

all pairs of parentheses in w start at the front.

3. Coherence Theorem
To prove Coherence theorem, we prove the fol-

lowing main theorem.

Theorem 1.
For any two binary word v,w € ob(W) of the same

length, there is only one arrow v — w.

It was previously stated that when v = w, the
morphism from v to w is the identity. Therefore,
in the following, we consider the case where v #
w. To prove this theorem, we first prove several
lemmas. Here, let w(™ € W be the unique binary
word of length n which has all pairs of parentheses

starting in front and does not involve e.

Lemma 1.
For any element v, w € ob(W) of the same length
which do not involve ey. Then there exists only one

arrow from v to w.

Lemma 2.

For any element w € ob(W) which does not in-
volve e, let n be the length of w, there exists a
unique composition of directed arrows from w to

w™ except when w = w™ .

Proof of Lemma 2. Let w € ob(W) be length n
that does not involve eg. A directed arrow is
defined as a basic arrow that contains compo-
nents of «, A, o and does not contain components
of ™, A1 o7t

that w does not contain ey, any directed arrow

Here, since we have assumed

from w to w(™ consists only of components of
a and 1, and does not contain components of A
or 9. There is a canonical directed path which
means composition of directed arrows from w to

n)

w(™ successively moving outermost parentheses

to the front by components of . For example,
from ((—)O((—)D(=))D((-)D(=) to w® =
(((-)D(=)D(=)D(-))D(-), Fig. 3 shows the
canonical directed path.

We prove by induction on the p(w) that every ar-
row from w to w(™ is equal to the composition of
arrows contained in canonical directed path except
in the case where w = w(™. If p(w) = 0, then
w = w™. When p(w) = 1and w # w™, it
follows that w = w™~20((-)O(-)), and a di-
rected arrow from w to w(™) is only component of
a. For p(w) > 2, let w = ulJv, and as shown in
Fig. 4, let f and g be arbitrary directed arrows with
domain w. Also in Fig. 4, let can;(i = 1,2, 3) de-
note the canonical directed path. Since f and g are
directed arrows, it follows that p(u') < p(w) and
p(v') < p(w).

In this case, if there exist an object x, directed
arrows h and j such that h o f = j o g, then by the

inductive hypothesis cang o h = cany and cang o
((=)B((=)B(=))3((=)B(-))

A((=)D((=)D))), (=),

((=)B((=)B(=)))3(=)B(-)

(=), (=), (- HDHL

((((=5)B(=)B(=)B(=)B(=)

Fig.3 An example of canonical directed path



w = uJv
/ \

' v’
C;;:\;f\\\\\y K/////i;//// icang
| x |

: :

w™ = w™ = w™

Fig.4 Composition of directed arrows

j = cang holds. It implies can, o f = cang o g,
and thus there exists a unique directed arrow from
w to w(™. For each possible combination of f and
g, weprovethat ho f = jogorcaniof = cangog.
If f = g, then cany o f = canz o g. When f # g,
f and g are one of the following. Here, both f’ and

¢ are assumed to be directed arrows.

Case 1. f= f'Oland g = 104’
Case 2. f=10f"and g = ¢'01
Case3. f= f/Oland g = ¢'001
Case4. f=10f"and g = 104’
Case 5. Exactly one of f or g is an component of

Q.

In Case 1 above, as shown in the Fig. 5, (10g") o
(f/01) = f'O¢" = (f'01) o (10¢g'). Similarly,
in Case 2 above, (¢'001) o (10f") = f'DOg =
(10/") o (¢/01).

In Case 3 above, we prove this by induction on
the length n of w. If n < 3, f = g. If n = 4, Fig. 6
is commutative by the Condition. 8 of Definition.
1. If n > 5, since length(u) > length(u’) and
length(u) > length(u') in Fig. 7, by the inductive
hypothesis, there are arrows ', 7' which commutes
Fig. 7. Therefore, the assertion also holds in the
Case 3 above.

In Case 4 above, the proof is similar to that of
the Case 3. The unique directed arrow from w to
v is obtained by switching v and v in w = ulJv

in Fig. 7, and accordingly adjusting the position of
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w = ulJv
=7
v =" 0o v = ulv”
N,

z ='W

Fig.5 Directed arrows in the Case 1

f'.g' ', 7" in each arrow of 7.

In Case 5 above, When f in Fig. 4 is equal to
a, Fig. 8 and Fig. 9 commute by the naturality
of «, and Fig.10 commutes by the Condition 8 of
Definition 1, which asserts that (/) is a monoidal
category. When ¢ in Fig.4 is equal to «, the hor-
izontally mirrored versions of the paths in Fig. 8§,
9 and 10 result in equal compositions of directed
arrows

This completes the proof of Lemma 2. O

Proof of Lemma 1. Let w € ob(W) be length n
that does not involve eg. A inverse directed arrow is
defined as a basic arrow that contains components
of =, A71, =1 and does not contain components
of a;, A, 0. Then there exists a unique composition
of inverse directed arrows from w(™) to w except
when w = w(™. As shown in the proof of Lemma
2, there exists a unique composition 3 of directed
arrows from w to w(™. Since B~ is composition
of inverse directed arrow, there exists at least one
composition of inverse directed arrows from w (")
to w. Assume that there exist two compositions of
inverse directed arrows 3! and vy~ from w("™) to
w. Then, 3 and ~y are compositions of direcred ar-
rows from w to w(™), and by Lemma 2, we have
B = . Therefore, 3~ = y~!. For any element
v, w € ob(W) of the same length n which do not in-
volve eg. Then there exists at least one arrow from
v to w. It is given by the composition of directed

arrows from v to w(™) followed by the composition
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((=5)B(=)B((=)B(=)) (=5)B((=)B(=)B(=))
O[(_)D(_)v(_)?(_)‘ lo‘(—),(—)ﬂ(—),(—)
w® — (4)B()BE)0E)
@(_)7(_)’(_)
Fig.6 Commutativity of o in W
w = ullv 100 1
POl J01 uO(sO(t0y)) ——— > wO((s0t)Oy)
Oy, s,t0y
/0w u”Cv
(uOs)O(t0y) Oy, 5Oty
h'O1 401
z = 2'0v Qs by
Fig.7 Directed arrows in the Case 3 and length
of w > 6 ((uOs)Ot) Oy +———— (uO(s0Ot))0y
O{u757t|:|1
w(sOt)
Oy st 10(4'01)
Fig.10 Directed arrows in the Case 5-3
(uOs)Ot wO(s'0t) O1)01
(uOs)Ot GO (u'Os)0t
1D(gm %,S/,t
(uOs") Ot .
O‘;,ls,t Qyrst
Fig.8 Directed arrows in the Case 5-1
ud(sOt)
Oy s 10(104’ w(sOt w'O(s0O¢t
/ \ g (st) 000 (s0It)
(uOs)Ot uO(sOt') Fig.11 A path where a directed arrow occurs be-
fore an inverse directed arrow - case 1
from () to w, in that order. Here, we assume that
10(10g") Y,/ . -
(uDs) O ~y is a directed arrow. When (vJ1)01 in Fig. 11
ulls
is (10v)01 and likewise when it is (1001), the
Fig.9 Directed arrows in the Case 5-2 diagram is also commutative. And Fig. 12 is com-

of inverse directed arrows from w(™ to w. Since mutative by Condition. 8 of Definition 1.
Fig. 11 is commutative, every arrow from v to w Therefore, every arrow from v to w is equal to
is a composition of a composition of directed ar- the composition of a directed path from v to w(™)

rows from v to w(™ and inverse directed arrows and an inverse directed path from w(™ to w, and
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(u0s) () ——22 (Cs) ) O
a;i’tﬂl

Oy o (uD(s0t)) 0
O‘:sDtm

wd(sO(t0v)) ————— wO((sOt)Ow)

Das,t,v

Fig.12 A path where a directed arrow occurs be-
fore an inverse directed arrow - case 2

Qe q.b
e(ab) (eda)Ob
)\aE\b A1
alb = allb

Fig.13 Commutativity 1 of A, o in monoidal category

this arrow is unique. O

Lemma 3.

Let v be any object in W that contains eq, and let v’
be the word obtained by removing all occurrences
of eg from v. Then there exists a unique compo-
sition of directed arrows from v to v’ except when

v="u.

If v = eo0(((—)0(eo0(-))))B(-), then
v' = ((—)0O(—))O(—). To prove this lemma, we
first prove the following lemma.
Lemma 4,
Let (C,[O, e, v, A, 0) be a monoidal category.Then,
forany a,b € C, Fig. 13 and Fig. 14 are commu-

tative.

Proof of Lemma 4. All triangles and rectangles in
Fig. 15, except for (1), commute by the defini-
tion of a monoidal category and the naturality of
a. Then, e qp © 10N = Qe a0 © 10(A01)
10ae .. Since o is natural isomorphism, it fol-
lows that 10,0, = 10(A\,01) 010 4. There-
fore, A\yop = Aol 0 e q,p. This means (1) in Fig.

15 and Fig. 13 are commutative.
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alJ(b0le) Gobe (aldb)Oe
100y Q0a0b
allb = alJb

Fig.14 Commutativity 2 of A, o in monoidal category

Similarly, All triangles and rectangles in Fig.
16, except for (2), commute by the definition
of a monoidal category and the naturality of .
Then, 0,011 0 g1 0 g paee © 1 e =
(1005)01 0 ot pe,e © 100 ¢, Therefore, o, ©
Qqp,e = 10gp. This means (2) in Fig. 16 and Fig.
14 are commutative.

l

Proof of Lemma 3. We prove it by induction on the
number n of occurrences of components of « in the
composition of directed arrows from v to v’. When
n = 0, since Fig. 17 through Fig. 21 commute, the
composition remains equal even if the order of any
adjacent \ and o in the directed path from v to v’ is
swapped. In Fig. 17 through Fig. 21, let 5 and ~
be directed arrows containing either A or p.

When n > 1, If an component of o does not con-
tain ep in the domain and codomain, then it low-
ers the rank below that of v, and therefore any
component of & must contain e in the domain and
codomain. Moreover, since v’ does not contain eg,
there exists a path from v to v in which a directed
arrow containing A or o follows immediately after
an component of . Since Fig. 13, Fig. 14 and Fig.
2 is commutative, one occurrence of « can be elim-
inated from the directed path from v to v’. There-
fore, the composition of directed arrows from v to
v’ is uniquely determined.

l
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Qe e,a0b X (eOe),a,b
ed(e0d(adb)) (e0e)T(aldb) ((ede)da)0d)
10M 0 (0.01)01
0.1
Qe a,b
10cve,q,6 (1) e(allb) (e0a)0b Qe eal01
10(A\01) (ID)\R
O((ela)Ib O(ela))OIb
O((eDa)b) o (eD(eDa))
Fig.15 Commutativity 1 for lemma 4
Qg.bele Q(a0b),e,e
adJ(b0(elle)) (a0Jb)O(ele) ((ab)Oe)e)
10(10X,) a1
10X,
Qg be
10ap e,e adJ(b0e) (adb)Oe (2) o b1
10(0p01) (mh
O((b0e)d O(b0e) )
a0 ((b0e)e) T (a0 (b)) e
Fig.16 Commutativity 2 for lemma 4
10~ 10X,
uls uls’ ed(e0u) eJu
BO1 B0l Xe[u A
/ / / I:] u
u's 10 u'Us elJu N

Fig.17 Commutativity 1 of A and p

100,
e0(ulle) e[Ju
AuDe )\u
u
ulde o

Fig.18 Commutativity 2 of A and p
Proof of Theorem 1. Let (3 be directed arrows con-

taining either component of A or p. Fig. 22 through

Fig. 26 are all commutative. Then, every arrow
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Fig.19 Commutativity 3 of A and p

(e0u)Oe gl e[Ju
A O1 Au
ulle 0 U

Fig.20 Commutativity 4 of A and p

from v to w is equal to the composition of a directed
path from v to v/, a directed path from v’ to w(™,

an inverse directed path from w(™ to w’ and an in-



(ulde)Oe Qule ulde
Quml Ou
ulle o U
Fig.21 Commutativity 5 of A and p
CVu,s,t
u(sOt) (ulds)Ot
g1 (0101
w'0O(s0t) o (u'Os)0t
u’,s,t

Fig.22 Commutativity 1 of « and directed arrrows

au,s,t
ud(sOt) (uds)Ot
10(p01) (10p)01
wd(s'0t) o (uds")Ot
u,s’,t

Fig.23 Commutativity 2 of « and directed arrrows

au,s,t
u(sOt) (uOs)Ot
10(10p) 108
!/ /
wd(sOt") T (ulds)t

Fig.24 Commutativity 3 of « and directed arrrows

verse directed path from w’ to w. Here we assume
that w’ is the word obtained by removing all oc-
currences of eg from w. Therefore, combining the
results of Lemma. 1 and Lemma. 3, Theorem. 1 is

proved. O]
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1|:|au,s,t

eO(ud(sOt)) ———  ed((uOs)Ot)

Aul(s0t) A(uls) Ot

ud(sOt) (uOs)Ot

au,s,t
Fig.25 Commutativity 4 of o and directed arrrows

Ay s,t

1
(uO(s0t))0de —————— ((u0s)Ot)Oe
OuO(s0t) O(uOs)Ot

u(s0Ot) (us)Ot

au,s,t

Fig.26 Commutativity 5 of « and directed arrrows

Theorem 2 (Coherence Theorem).

Let (C, 0, €', o/, N, o) be arbitary monoidal cate-
gory, and c be an arbitary object of C. Then, there
exists a unique morphism of monoidal categories
Sfrom (W, eq,a, A\, 0) to t (C, e,/ N, o)
that maps (—) € W to c.

Proof of Theorem 2. Let (). be a functor from C
to W. For (). to be a morphism in monoidal cat-
egories, it is necessary that (ep). = €’. Moreover,
since (—). = ¢, for any v, w € ob(W) is uniquely
determined as follows. (vOw),. = v.[J'w,. There-
fore, for any functor satisfying the conditions in the
theorem, the assignment of objects is uniquely de-
termined.

As shown in Theorem 1, all allows in W are basic
arrows and compositions of basic arrows. There-
fore, by Conditions 2, 4 and 5 of Definition. 2 of
morphism of monoidal categories, the assignment

of arrows is uniquely determined. O
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10u
cO(cOe) cOe
Qe.c.c
(cOe)Oe 0
pl
] C
clc T
Fig.27 Commutativity of p of monoid
n1l 10n
eldec ce cOe
w
Ae Oc
W

Fig.28 Commutativity of p and n of monoid

4. General Associative Law in Monoid
Definition 7.

Let (C,0,e,a, A, 0) be a monoidal category. A
monoid {(c, u,n) in (C,00,e,a, A, o) is defined as
follows.

1. cis an object of C.

2. wis an arrow from cc to c in C that makes
Fig. 27 commute.

3. mis an arrow from e to c in C that makes Fig.

28 commute.

Definition 8.

Let (C,I0, €', a/, N, 0') be a monoidal category
and {(c, 1, m) be a monoid in C. For each object
w € ob(W), w-fold product w. *2 ¢ in C is de-
fined as follows.

I pe,=m:€e—c
2. -y = l.:ec—ec
3. poo—) = p - cde—e

4. Foranyv,w € of(W), pymw = po (poDpw)

svdwe = e
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Theorem 3 (General Associative Law).

Let (C,[0, ¢ o/, N, o) be a monoidal category
and {c, pu,n) be a monoid in C. For any v,w €
ob(W) such that length(v) = length(w), we have
fw © (CAN (v, w)). = py. Here, (CAN (v, w))c
denotes the (f)., where f is the unique arrow from
v to w in W.(=). is moriphism of monoidal cate-

gories defined in Theorem. 2.

Proof of Theorem 3. We prove this by induction
on [, the number of basic arrows that constitute
CAN (v,w). First, consider the case [ = 1.
CAN (v,w) is a component of «, let v be v
uD(s0t). punsorn = po (Op o (usOpur))
o (10p) o (puO(psOpe). And puosoe = p o
(1o (puOps)Ope) = po (1) o ((puDps)Ope).
Since Fig. 29 is commutative by naturality of « and
Condition. 2 of Definition. 7, p,, o CAN (v, w) =
1y holds. Since « is a natural isomorphism, the
statement also holds when CAN (v, w) is a com-
ponent of o~ L.

If CAN (v, w) is a component of A, let v be v =

eDu. premy = pro (MBpy) = po (nb1) o 10u,, =
AL o 10pu,,. Since the Fig. 30 is commutative by
naturality of A, pt,, o CAN (v, w) = p, holds. The
statement also holds when C AN (v, w) is a compo-
nent of A\~! by naturality of \.

If CAN (v, w) is a component of g, let v be v =
ule. pyme = pro (pun) = po (10n) o p, 01 =
ol.op,, 1. Since the Fig. 31 is commutative by nat-
urality of g, and j1,, 0o C AN (v, w) = p,, holds. The
statement also holds when C AN (v, w) is a compo-
nent of p~! by naturality of p. Therefore, the claim
holds in the case | = 1.

Assume that the claim holds forall | = n — 1
with n > 2. For the case [ = n,let v = v; and
w = V1, (CAN (V1,V541))e = BrnofBp_10--:0
81, v1 5—1> Vg —> + - B—”> Un+1. By the inductive
hypothesis, fiy,,,, © By 00 o = fiy, and fi,, ©
B1 = b, Therefore, f1,,,, 0 Bpo---0B1 = py,.
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o (s 1
u D (s.0'te) WD) cd(ce) K cde a c
a'lufcysC7tc O/C:C:C M
(u's)'t (cde)e e
o ‘ (a0 p15) O g pt1
Fig.29 Commutativity when CAN (v,w) = «
/
o, 10 p .y References
[1] Saunders Mac Lane, “Categories for the
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e - Lane’s Coherence Theorem”, HMC Senior
My

Fig.30 Commutativity when CAN (v, w) = A

w1
u.'e’ - cde
. 8
Ue c
Lo,
Fig.31 Commutativity when CAN (v, w) = o

This completes the proof of the theorem.

5. Conclusion

In this paper, we provide a concise and short
proof of the Coherence Theorem. In particular, we
define all arrows in a category W of binary words
to be either basic arrows or compositions of basic
arrows, and prove that for any v,w € ob(W) of
the same length, there exists a unique arrow in W
from v to w. Using this theorem and the definition
of morphisms in a monoidal category, we derive
a proof of the Coherence Theorem. Finally, as an
application of the Coherence Theorem, we demon-
strate the general associative law for monoids. The
Coherence Theorem also implies theorem of con-
struction of free monoid in monoidal category, and

SO on.
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